Long Term Evolution (LTE)-Wireless Local Area Network (WLAN) Path Aggregation (LWPA) based on Multipath Transmission Control Protocol (MPTCP) has been under standardization procedure as a promising and cost-efficient solution to boost Downlink (DL) data rate and handle the rapidly increasing data traffic. This paper aims at providing tractable analysis for the DL performance evaluation of large-scale LWPA networks with the help of tools from stochastic geometry. We consider a simple yet practical model to determine under which conditions a native WLAN Access Point (AP) will work under LWPA mode to help increasing the received data rate. Using stochastic spatial models for the distribution of WLAN APs and LTE Base Stations (BSs), we analyze the density of active LWPAmode WiFi APs in the considered network model, which further leads to closed-form expressions on the DL data rate and area spectral efficiency (ASE) improvement. Our numerical results illustrate the impact of different network parameters on the performance of LWPA networks, which can be useful for further performance optimization.
I. INTRODUCTION
There is an increasing demand for high data rate in wireless communications systems due to the fact that mobile traffic is expected to become 8.2 times larger in 2020 than what it was in 2015. Since the new licensed spectrum bands are rare and expensive, an interesting proposition is to enable a better use of different types of spectrum traffic offload, including the unlicensed bands. It is estimated that up to thirty percent of broadband access in cellular networks can be offloaded to unlicensed bands which are primarily used by WiFi networks [1] .
There have been attempts to develop Long Term Evolution (LTE)-Wireless Local Area Network (WLAN) Path Aggregation (LWPA) based on Multi-path Transmission Control Protocol (MPTCP) [2] , [3] . The LWAP design allows the aggregation of LTE and WiFi, and the increase of download speeds can be acquired simply by adding an MPTCP gateway on mobile device, without causing changes in legacy Internet infrastructure or applications. Unlike LTE-WLAN carrier aggregation solutions like the LTE-Licensed Assisted Access (LAA), LWAP eliminates the controversial fairness issues between LTE and WiFi and it does not require the deployment of new access networks [4] . LWPA can be potentially incorporated with Quality-of-Service (QoS)-related applications, such as Scalable Video Coding (SVC). For instance, the basic layer data can be delivered through a reliable LTE connection and the enhancement layer data can be transmitted through a WiFi Access Point (AP) to increase the quality of video streaming.
A mathematical approach would be helpful for a fundamental understanding of the performance of LWPA. Recently, stochastic geometry has become a powerful tool for modeling cellular and WiFi systems with large random topologies. In [5] , the coverage probability and the average Shannon rate were derived for macro cellular networks with Base Stations (BSs) distributed according to a Poisson Point Process (PPP). This work has been extended to heterogeneous cellular networks (HetNets) [6] - [8] . Stochastic geometry can also model Carrier Sense Multiple Access with Collision Avoidance (CSMA/CA)based WiFi networks. When using CSMA/CA as the MAC protocol, due to the carrier sensing range, there is a minimum guaranteed distance between concurrent transmitters operating in the same frequency band. Matérn Hard-core Process (MHCP) has become a commonly used model for the distribution of simultaneously transmitting nodes where two points cannot coexist with a separating distance shorter than a predefined parameter [9] - [11] . Thus, MHCP can capture the repulsion between two coexisting nodes. Another commonly used model for networks with inter-tier repulsion is the Poisson Hole Process (PHP), which can capture the inter-tier correlation when a secondary node cannot be within a predefined distance to a primary node [12] - [15] . In a Device-to-Device (D2D) underlaid cellular network where the activation conditions of D2D nodes depend on the locations of neighbors in both cellular and D2D tiers [16] , the effect of two-tier dependence on the network throughput has been characterized in [17] .
In this work, a stochastic geometry framework is proposed to evaluate the performance of LWPA in large-scale networks. We take into account the possibility to have closed-access WiFi APs that are not available to be aggregated and whose performance are not allowed to be affected. The activation conditions of a LWPA-mode WiFi are determined by the user density, the CSMA distance, and their relevant locations to nearby closed-access WiFi APs. Using existing results from stochastic geometry analysis, we propose three approximations for the density of active LWPA WiFi as a function of different network parameters. We also characterize the performance improvements of the considered network in terms of the aggregate data rate and the area spectral efficiency (ASE) of a WiFi band. These improvements validate the advantages of LWPA as a promising method to improve the spectrum usage in unlicensed bands.
II. SYSTEM MODEL
We consider a two-Radio Access Technology (RAT) network consisting of cellular BSs and WLAN APs. The LTE BSs are scattered on the two-dimensional Euclidian plane ℝ 2 according to a homogeneous PPP, denoted by Φ with intensity [18] . The coverage region of an LTE BS can be modeled via a Voronoi tessellation. Similarly, the WLAN APs are modeled to follow a homogeneous PPP Φ with intensity . We divide the WLAN APs into two tiers/groups, depending on whether or not they are accessible for the network operators to improve the QoS of cellular networks. The open-access WiFi APs are available for path aggregation with the LTE BSs to serve cellular users simultaneously through parallel data flows. The closed-access WiFi are occupied by private individuals, hence, they are accessible to only WiFi users with the access rights. We assume that each WiFi AP has a probability to be occupied by closed-access WiFi users, and probability 1 − to be open-access. 1 As a result, the WiFi locations can also be modeled as two independent PPPs Φ 1 and Φ 2 for the open-access and closed-access WiFi tiers, respectively, with corresponding densities
The LTE users are also assumed to be distributed according to another homogeneous PPP Φ with density . We suppose that each cellular user is associated with the closest LTE BS. The distribution of users connected to closed-access WiFi will not affect the performance of LWPA, thus it is not specified in our system model.
For the LTE cellular network, each LTE BS utilizes the total available spectrum of -Hz universal frequency reuse in the Downlink (DL), which is partitioned into a number of radio Resource Blocks (RBs). Each RB occupies a bandwidth of Hz, and the RBs are allocated equally among all users. Assuming having users inside a LTE cell, then each user is assigned / RBs. The WiFi APs utilize the unlicensed spectrum with a total bandwidth of Hz. In this work, we consider MHCP of type II to model the distribution of WiFi APs using CSMA-CA MAC protocol [10] . The key point is that two active WiFi APs operating in the same frequency band cannot be closer to each other than a threshold distance , which can be seen as setting up guard zones with a radius around the active transmitters. The distribution of active closed-access WiFi APs without the presence of LWPA-mode WiFi is denoted byΦ 2 . In order to ensure the QoS of closed-access WiFi users, the activation of LWA-mode WiFi APs must not create any backoff/contention to any active closed-access WiFi. According to this setup, a potential LWPA-mode WiFi AP can be active only when there is no closed-access WiFi AP or other active LWPA-mode WiFi AP within distance . The distribution of active LWPA-mode 1 The probability denotes the percentage of closed-access WiFi among all the WiFi APs. WiFi APs is a thinned version of the initial homogeneous PPP Φ 1 , where the thinning procedure involves conditions imposed by the cellular user density, the locations of closedaccess WiFi and other LWA-mode WiFi APs. Fig. 1 presents a two-RAT HetNet consisting of LTE BSs in the cellular RAT and active LWPA-mode WiFi APs, inactive LWPA-mode WiFi APs, as well as closed-access WiFi APs in the WLAN RAT.
Summarizing, an active LWPA-mode WiFi AP must satisfy the four conditions below:
1) It must be open-access; 2) At least one LTE user is inside its service range, i.e., within distance ; 3) Any closed-access WiFi AP must be at least outside distance ; 4) Two active LWPA-mode WiFi APs cannot be closer to each other than . When all these conditions are satisfied, an open-access WiFi AP can work in LWPA mode and serve the cellular user within its coverage together with the LTE BS.
Using existing results on the density of MHCP and Poisson Hole Process (PHP), we can obtain the following approximations on the density of active LWPA-mode WiFi APs in our considered model. (a) From the first and the second conditions, the probability of a point in Φ 1 being retained is the probability that there is at least one point from Φ within distance . The retaining probability is [18]
Considering the CSMA/CA operation of the WLAN RAT, the WiFi APs in the same tier are assumed to be in-stalled with respect to a minimum distance between each other, thus the resulted distribution of closed-access WiFi APs forms an MHCPΦ 2 with intensity˜2 = (1 − exp(− 2 ))/ 2 [9] . Based on the first and the third conditions, the probability of a point in Φ 1 being retained is the probability that there is no point fromΦ 2 within distance . The resulted intensity of retained points can be approximated by the density of a Poisson Hole Process (PHP). The corresponding retaining probability is
Note that this approximation is accurate only when˜2 < 1 1 [19] . Thus, the distribution of open-access WiFi APs from Φ 1 meeting the second and third conditions formsΦ 1 with intensity˜1 = 1 , where the retaining probability is = 1 2 . Because of the fourth condition the resulted distribution of active LWPA-mode WiFi APs can be further regarded as an MHCP Φ 1 with intensity [9] . Thus, the active LWPA-mode WiFi APs refer to those fromΦ 1 meeting the second and third conditions. The effective density of active LWPA-mode WiFi APs modeled as
when˜2 < 1ˆ1 holds. 
which is obtained by thinning the MHCPΦ with the retaining probability (1 − ) 1 . Fig. 2 shows the density of active LWPA-mode WiFi APs versus the user density in cases when equals to 0.2, 0.5 and 0.8, respectively. The approximated density is calculated with = 100/km 2 , = 200/km 2 and = 30 m. The results shown in blue lines are generated from (3). The red lines correspond to the approximation results obtained via (4) . The green lines refer to the results generated via (5) . We can observe from the results that the three approximations are all relevant, and the accuracy of these approximations depends heavily on the network parameters, such as and . The gaps between the approximations and simulation results also come from the fact that the existing density functions of MHCP and PHP also contain certain approximation errors. For simplicity, in the remainder of this paper, we consider = 3 to represent the density of active LWPA-mode WiFi APs.
III. PERFORMANCE ANALYSIS
In this section, we evaluate the performance gain of LWPA, in terms of the improved data rate and the area spectral efficiency.
A. Success Probability Analysis
In this work, we assume that in each time slot, at most one user will be served by an LWPA-mode WiFi. Due to the randomness of point processes, for each active LWPA-mode WiFi, its served cellular user can be considered as randomly and uniformly distributed within its service range. Without loss of generality, we consider a typical LWPA user centered at the origin with its associated LWPA-mode WiFi AP at a random distance away, the SINR of its received signal is given by
where denotes the transmitting power of WiFi AP. ℎ and ℎ refer to small-scale fading from the typical LWPAmode WiFi AP, and the -th interfering WiFi AP to the typical LWPA user, respectively. 2 represents the noise power. We assume that all users experience Rayleigh fading, i.e. ℎ , ℎ ∼ exp(1).
denotes the distance from the -th interfering WiFi AP to the typical LWPA user. We consider a standard distance-dependent pathloss attenuation, i.e. − , where > 2 is the pathloss exponent.
Similarly, for a typical LTE user located at the origin with its associated LTE BS at a random distance away, the SINR of its received signal is given by
where denotes the transmit power of LTE BS. and refer to small-scale power fading from the typical LTE BS, and the -th interfering LTE BS to the typical LTE user, respectively. and follow the exponential distribution with unit mean (Rayleigh fading). denotes the distance from the -th interfering WiFi AP to the typical LTE user.
As discussed in Section II, the interference received by the typical LWPA user is caused the transmitting nodes distributed outside the guard zone centered at its associated transmitter. When ≥ , there is a minimum distance between a typical LWPA user to its nearest interfering WiFi AP, as shown in Fig.  3 . The probability density function (PDF) of the link distance is ( ) = 2 2 for 0 ≤ ≤ , as a result of the randomly and uniformly distributed user within the service range of an LWPA-mode WiFi AP. For a given SINR threshold , the success probability of a typical active LWPA-mode WiFi link in our considered network is given by 
where = +˜2. As a result of the nearest LTE BS association, the PDF of a typical LTE link distance is ( ) = 2 ⋅ − 2 for 0 ≤ < ∞ [5] . Similarly, for a given SINR threshold , the success probability of a typical LTE link in our considered network is given by 
B. Cellular Rate Improvement
Without LTE-WLAN path aggregation, assuming i.i.d. Gaussian codebooks, the ergodic rate of a LTE link can be given by
which can be obtained with the help of the SIR distribution given in (10) . Similarly, when the user is connected to a nearby LWPA-mode WiFi AP, the ergodic rate can be obtained by
As mentioned in Section II, the RBs are equally assigned to the LTE users. In an LTE cell with total available bandwidth , regardless of the number of users inside its coverage, the aggregate data rate averaging over all possible locations of users can be obtained as . With path aggregation, in addition to the data rate received from LTE BS, each active LWPA-mode WiFi AP can provide an average rate equal to to the LTE users inside its service range. Therefore, in a random LTE cell, the percentage of cellular rate improvement can be expressed as
where = is the average number of active LWPA-mode WiFi APs per LTE cell.
C. Area Spectral Efficiency Improvement of the WiFi Band
The ASE is an important metric to evaluate the spatial reuse of spectrum, measured by average data rate per Hz per unit area. For the considered network model, the ASE for WiFi spectrum can be expressed as
Specifically, if = 0, i.e. there is no active LWPA-mode WiFi in the network, the ASE for WiFi spectrum can be expressed as˜=˜2
Thus, the ASE improvement of the WiFi band is =˜.
The improvement/ratio of ASE provides a quantitative measure on how much network throughput gain in WiFi band we can expect by allowing LWPA without affecting the activity of closed-access WiFi APs.
IV. NUMERICAL RESULTS
In this section, we present the LWPA-mode WiFi link success probability, the cellular rate and the ASE improvement of the WiFi band through numerical evaluations for = {0.2, 0.5, 0.8}. The densities of the LTE BSs and WiFi APs are = 100/km 2 and = 200/km 2 , respectively. The cellular and WLAN bandwidth are both set to be 10 MHz. The transmit power of LTE BS and WiFi AP are set to be 22 dBm and 18 dBm, respectively, and the noise power on both licensed and unlicensed bands is −95 dBm. Rayleigh fading model is adopted for both cellular and WiFi links with
[ℎ] = 1. The pathloss exponent is = 4.
A. LWPA-mode WiFi Link Success Probability
In Fig. 4 , we show the approximated success probability of the LWPA-mode WiFi link as a function of the SINR threshold . The results are generated from (8) . We observe that the value of has little impact on the success probability of LWPA-mode WiFi link. With smaller closed-access WiFi percentage , the success probability is slightly higher. This means that in the case with smaller , the total density of active WiFi will be slightly smaller. improvement versus the guard zone radius as well as the user density in Fig. 5 and Fig. 6 , respectively. The results are generated from (17) . As expected, with smaller closed-access WiFi percentage , the WiFi ASE improvement is higher. Another interesting observation from Fig. 5 is that when = 0.5 and 0.8, the percentage of improved ASE increases along with the guard radius, while when = 0.2, a different trend can be observed. This is due to the fact that increasing the guard radius will decrease the density of not only active LWPA-mode WiFi APs, but also closed-access WiFi APs. From (17) it is not obvious how the ASE improvement would evolve with the guard radius, which gives the opportunity to optimize the guard radius under specific network conditions. From Fig. 6 , we see that the ASE improvement becomes very limited when the percentage of closed-access WiFi is higher. With smaller , the ASE improvement increases rapidly with the user density, meaning that the advantage of LWPA is more obvious in the dense user regime with less closed-access WiFi APs.
C. Cellular Rate Improvement Fig. 7 and Fig. 8 present the percentage of cellular rate improvement versus the guard radius and versus the user density, respectively. The results are generated from (14) . Similar to the trend observed for WiFi ASE improvement, with smaller value of , the data rate received by the cellular users can be further improved. It is worth noticing that enabling LWPA can significantly improve the downloading rates of the LTE users without causing much interference to the existing closed-access WiFi users.
V. CONCLUSION
In this paper, a stochastic geometry model was used to model and analyze the performance of an MPTCP Proxybased LWPA network with intra-tier and cross-tier dependences. Under the considered network model and the activation conditions of LWPA-mode WiFi, we obtained three approximations for the density of active LWPA-mode WiFi APs through different approaches. Performance metrics including the success probability, the cellular rate improvement and the area spectral efficiency have been analytically derived and numerically evaluated. The impact of different parameters on the network performance have been analyzed, validating the significant gain of using LWPA in terms of boosted data rate and improved spectrum reuse.
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